IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The quantum ISL(2,C) group

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1994 J. Phys. A: Math. Gen. 27 7099
(http://iopscience.iop.org/0305-4470/27/21/024)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 01/06/2010 at 23:08

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/27/21
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

1 Phys. A: Math. Gen. 27 (1994) 7099-7101. Printed in the UK

The quantum ISL(2, C) group
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Abstract. The classical r-matrix implied by the quantum g-Poincaré algebra of Lukierski,
Nowicki and Ruegg is used to generate a2 Poisson structure on the fSL{2, C) group. A
quantum deformation of the [SL(2, C) group (on the Hopf algebra level) is obtained by a
trivial quantization.

Recently a quantum deformation of Poincaré algebra has been constructed which depends
on dimensional parameter « [1]. It has attractive properties like, for example, space isotropy
or the existence of a natural cut-off x. Some physical consequences of deformed Poincaré
symmetry were considered by Bacry [2]. The global counterpart of this algebra, i.e. the
quantum Poincaré group, was constructed by Zakrzewski [3]. However, as in the ‘classical’
case, for many purposes (the unitary representations of half-integer spin, supersymmetric
extensions, etc) it is important to consider the universal enveloping group ISL(2,C). It
is the aim of the present paper to give a description of this group. To this end we
use the approach of Zakrzewski and introduce the co-Poisson structure determined from
(1/k)-expansion of the antisymmetric part of the coproduct of the «-Poincaré algebra. By
duality the Poisson structure on ISL(2, C) is obtained and quantized. Due to the form
of Poisson brackets no quantization ambiguities appear. Therefore one can expect that the
‘quasiclassical’ (in 1/x) duality can be extended to the full quantum duality (this is the case
for E4(2) (see [4])).

The classical 75L(2, C) group consists of the pairs (a, A), where a is a fourvector and
A is a matrix of the SL(2, C} group and with the composition law

(@, A) x (a1, A1) = (a + A(A)ay, AAp) (1)
where
ACA) = [AKAE oo = [§ Tri0, A0, AN o @)

is the Lorentz matrix corresponding to the matrix A (and o, are the Pauli matrices).

In order to determine the Poisson structure on the [SL(2, C) group we have to calculate
the right- and left-invariant vector fields. To do this we can consider first the GL(2, C)
group. Due to the fact that the r-matrix, which determines the Poisson bracket by the
formula '

{f 8} =2 (X} fX}g — Xp FX5e) 3
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where X%, X% are the right- and left-invariant vector fields, contains only the generators
of SL(2,C) we can consider all matrix elements Az as independent and impose the
unimodularity condition at the very end (i.e. detA has vanishing Poisson bracket with
everything). In this way we obtain the following expressions for the invariant vector fields:
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In the Lie algebra basis corresponding to the above vector fields the r-matrix obtained
by Zakrzewski [3] takes the form

i
r= _E(Lk®Pk - P ®Ly) {5)
where
1 L
Ly = Zle3XE + @O RE]
and t=1,2,3.

This r-matrix indices (by duality) the following Poisson brackets of the functions on
ISL(2,C):

1 - N\ErT
(f, 8} = = ([l (X5 + G5 ENE F1X g
— [(o03(XM) g + GIF X gl X% f
— [oEXNEf + G5 (XE FIX g

+ o5 (X188 + @G XM X N S (6)

If we perform the standard quantizations of the Poisson brackets of the coordinate
functions on ISL(2,C), by replacing {,} — -}[,], one obtains the following set of
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commutation relations
[A3, Ai1=0 (A%, A}1=10 [43, Aj1=0
@, a)=0 [ a% = Kia"
e 07 .. i o
(45, a"] = -Z-E(Aak)ﬂAE(A)
(42, 2] = - [(Acp)2A%(4) — (o A)E] ?
T % rIpTn K
_ io-_ .,
[A%,a"] = 7o (AGFAA)
20 i Y Y-
(45, a"] = - [(AG)5A,(4) — GrA)).

Since the composition law is compatible with Poisson bracket, the above commutation rules
are compatible with the following coproduct:

A(AD) = A% @ A}

®)
A@®)=AlA ®a’ +a* @ L
The antipode is given by
S((a, A)) = (—A%(A)a", A7), (9)

We conclude that relations (7)«9) define a Hopf algebra, the FS5L.(2, C) group. Note that
the map

(a, A) - (a, A(A)) (10)

is the Hopf algebra homomorphism from I SL, (2, C) to the -Poincaré group of Zakrzewski.
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